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= ϕ21 = (x, z). $
!	   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  ϕ1 = −iβ  	 β ∈ C 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∫
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∈ [π, 4
3
π
)
 
 η˜ 
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 n = 1   β  
)
ϕ
(
β2
)
= 2ϕ (β)− 2π 
ϕ
((
β2
) 1
3
)
=
2
3
ϕ (β)− 2
3
π *
  
 
 
ϕ
(
β
2
3
)
=
2
3
ϕ (β) . 
  " 

 (β2)
1
3  β
2
3 )  $

 ! ﬀ$  2
3
π ,$$	
ϕ
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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∫
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(n = 2, n′ = −1) : 2 · c2 = c−1 = 0
(n = 3, n′ = 0) : c0 = 3 · 2 · c3
(n = 4, n′ = 1) : c1 = 4 · 3 · c4
(n = 5, n′ = 2) : c2 = 5 · 4 · c5
(n = 6, n′ = 3) : c3 = 6 · 5 · c6
(n = 7, n′ = 4) : c4 = 7 · 6 · c7.
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√
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(√
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n20
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√
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n0+K∑
r=n0−K
an ≈ an0
K∑
r=−K
e
− r2
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Sa1,1/2 =
n0−K−1∑
r=0
ar 
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Sa2,1/2 =
∞∑
r=n0+K+1
ar 
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Sa,1/2 = Sa1,1/2 + Sa2,1/2. 	
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an+1
an
=
1
(n+1)!
(
z3
9
)n+1
1
Γ(n+2± 13)
1
n!
(
z3
9
)n 1
Γ(n+1± 13)
"	
=
1
n+ 1
1
n+ 1± 1
3
(
z3
9
)n
	
≈ 1
n+ 1
1
n+ 1± 1
3
(
n0 + 1± 1
6
)2
#	
≤ 1
n0 +K + 2
1
n0 +K + 2± 13
(
n0 + 1± 1
6
)2
$	
≤ n0 + 2
n0 +K + 2
n0 + 1± 16
n0 +K + 2± 13
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≤ (n0 + 2)
2
(n0 + 2 +K)2
#&	
=
1(
1 + K
n0+2
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(   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(
n0 + 1± 16
)
(n0 +K + 2) ≤ (n0 + 2)
(
n0 +K + 2± 13
)
 (−1± 1
6
)
(n0 +K + 2) ≤ (n0 + 2)
(±1
3
)
  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(−1± 1
6
) (
1 + K
n0+2
)
≤ ±1
3
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)2    n   an+1 ≤ νan   
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∞∑
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∞∑
n=n0+K+1
νn−n0−K−1 #	
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∞∑
n=0
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 η˜0  ζ → ∞
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1
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1
2
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2
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n0√
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n0 an0 = e
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Sa2,1/2 =
∞∑
n=n0+K+1
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an0e
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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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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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∞∑
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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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n0
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
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
1
1− ν ′ ≈
1
2
n0
K − 1 ≈
1
2
√
n0√
k
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

  	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√
n0√
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Sa,1/2 = Sa1,1/2 + Sa2,1/2 ≤ an0e−k
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n0√
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Si,1/2 =
n0+K∑
r=n0−K
an ≈ an0
K∑
r=−K
e
− r2
n0 )

 * 
K∑
r=−K
e
− r2
n0 = 2
K∑
r=0
e
− r2
n0 − 1. +
,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  
∑K
r=0 e
− r2
n0 =
∑K
r=0 e
− r2
n0Δr   Δr = 1 -  r′ = r√
n0
 
 Δr′ = Δr√
n0
= 1√
n0
  Δr′ → 0 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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∑K
r=0 e
− r2
n0 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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 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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r=0
e
− r2
n0 ≈ √n0
∫ K√
n0
0
e−r
′2
dr′ =
√
n0
∫ √k
0
e−r
′2
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.
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√
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∫ √k
0
e−r
′2
dr′ ≥ √n0
∫ 1
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∫ 1
0
e−r
′2
dr′    	
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   
  +  
 
 	

∫ 1
0
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0
e−r
′2
dr′ ≈ √π (0.9207− 0.5) ≈ 0.7457 ≈ 3
4
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Si,1/2 ≥ an0
(
3
2
√
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√
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n0√
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3
2
√
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η˜∗ = ze
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a˜n = f
(n)
1/2 (η˜∗) . -
.
  ∣∣∣∣∣
∑
n
a˜n
∣∣∣∣∣ ≤
∑
n
|a˜n| =
∑
n
an $
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∣∣∣∣ ≈ e−Δ2n0 

   	
  
 
  	  
 ﬀ
 
  Δ = n − n0   ϕ (a˜n0) = ϕ0 + 3n0ϕ∗   ϕ0 ∈ [0, 2π) 	
 ϕ0 = 0  n0 = N

 ϕ(a˜n) = ϕ0 + 3nϕ∗ 
 n − n0 ∈ Z  ϕ∗ = 0 
 	 ϕ0 = 0 
 η˜∗ ∈ R 	

a˜n0 ∈ R 
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S˜i,1/2 =
n0+K∑
n=n0−K
a˜n = a˜n0
n0+K∑
n=n0−K
a˜n
a˜n0

= a˜n0
n0+K∑
n=n0−K
an
an0
ei3ϕ∗(n−n0) 
≈ a˜n0
K∑
r=−K
e
− r2
n0 ei3rϕ∗ 
= a˜n0
K∑
r=−K
e
− r2
n0 cos (3rϕ∗) 
= a˜n0
(
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K∑
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e
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n0 cos (3rϕ∗)− 1
)
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√
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√
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√
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 q ∈ N   q  


 
    	   cos (2π r
P
)  q
P
∈ N   P ∈ N  q = P  
  q  		   n0
   n0     	  r ∈ [0, K]    	
 r ∼ K   
 !"  h(r) 	 ∼ e−n
1
3
0    
 
∑K
r=−K h(r) cos (2π
r
P
)   
	   n0   ﬃ
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     
 n0
  "    '
g(r) = h(r)− h(r + 1) = e− r
2
n0
(
1− e− 2r+1n0
)
%()*+&
 		   r   		 	
 	     ﬁ 
r  K ∼ n
2
3
0  
2r+1
n0
 2n
− 1
3
0  1  
g(r) ≈ e− r
2
n0
2r + 1
n0
%()*-&
	
g′(r) ≈ 2
n0
e
− r2
n0
(
1− r
n0
(2r + 1)
)
%()*.&
 g′(r)  4
n
2
3
0
 e
− r2
n0 ≤ 1 	 r  n
2
3
0  !   n0  "  
g(r)   	
 	   		 
  " 	 /  
   g(r)  "  r′ 	ﬁ	  g′(r′) = 0 
	  r′ ≈ rw  g(rw) ≈
e−
1
2
√
2
n0
%     g(r → 0) → 1
n0
< g(rw) 	 g(r → ∞) → 0 < g(rw)& 
    
∑K
r=−K h(r) cos (2π
r
P
)  		    r ∼ rw
	    r ∼ K   
	
0  r0 = Nq r0 ≥ 0   ﬁ 
     	  " cos (ϕ0 + 2π r0P ) =
1 	
r0+q−1∑
r=r0
cos (ϕ0 + 2π
r
P
) =
q−1∑
s=0
cos (ϕ0 + 2π
s
P
) %()*1&
=
1
2
(
q−1∑
s=0
eiϕ0ei2π
s
P +
q−1∑
s=0
e−iϕ0e−i2π
s
P
)
%()*2&
=
1
2
(
eiϕ0
1− ei2π qP
1− ei2π 1P + e
−iϕ0 1− e−i2π
q
P
1− e−i2π 1P
)
%()*3&
= 0. %()(4&
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   	
  
 
  	  
 ﬀ
 
   	
q−1∑
s=0
s cos (as) = 
(
q−1∑
s=0
seias
)


= 
(
q−1∑
s=0
−i ∂
∂a
eias
)


= 
(
−i ∂
∂a
q−1∑
s=0
eias
)


= 
(
−i ∂
∂a
1− eiaq
1− eia
)


= 
(−qe−iaq (1− eia) + eia (1− eiaq)
(1− eia)2
)
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
		 a = 2π
P
  	
q−1∑
s=0
s cos (as) = 
(
−q 1
1− ei2π 1P
)
= −q
2
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∑r0+q−1
r=r0
e
− r2
n0 cos
(
2π r−r0
P
)
   r ∈ [r0, r0+ q−1] 
  		 g(r) ≈ δ  		 	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r0+q−1∑
r=r0
e
− r2
n0 cos
(
2π
r
P
)
≈
q−1∑
s=0
(
e
− r
2
0
n0 − sδ
)
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(
2π
s
P
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= −δ
q−1∑
s=0
s cos
(
2π
s
P
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= δ
q
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r0+2q−1∑
r=r0
e
− r2
n0 (−1)r =
2q−1∑
s=0
e
− (r0+s)
2
n0 (−1)s 
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≈ δq. 
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r0+2q−1∑
r=r0
e
− r2
n0 cos
(
2π
r
P
)
≈
r0+2q−1∑
r=r0
e
− r2
n0 (−1)r 
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  e
−
r20
n0 − e−
(r0+s)
2
n0 = e−
r20
n0
(
1− e−
2r0s
n0 e
− s
2
n0
)
   s  r0  n0  	
 e−
r20
n0 − e−
(r0+s)
2
n0 ≈
s · 2r0
n0
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−
r20
n0 ≈ s · δ 
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n0→∞
K∑
r=0
e
− r2
n0 cos (3rϕ∗) =
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r=0
e
− r2
n0 (−1)r. 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n0 (−1)r 
=
K−1
2∑
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e
− (2r)2
n0 − e−
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=
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2∑
r=0
e
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∫ b
a
r′e−r
′2
dr′ = 1
2
∫ b2
a2
e−udu = −1
2
(
e−b
2 − e−a2
)
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s1 ≥ 1
2
√
n0
∫ 1
0
e−r
′2
dr′ +
∫ K−1√
n0
0
r′e−r
′2
dr′  	
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8
1√
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+
1
2
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1− e−
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K−1√
n0
)2)
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1√
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+
1
2
(
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s2 =
K∑
r=0
e
− r2
n0 (−1)r  	
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= s1 + e
−K2
n0 = s1 + e−k.  	
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s2 ≥ 3
8
1√
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+
1
2
(
1 + e−k
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∣∣∣S˜i,1/2∣∣∣ ≥ an0
∣∣∣∣34 1√n0 ± e−k
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&   #ﬃ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 n0  # 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1√
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 k ∼ n
1
6
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4
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√
n0√
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3
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√
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k√
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√
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√
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K∑
r=−K
e
− r2
n0 ei3rϕ∗ 
   
	
 
 ﬀ  
     
 	
 	 	
   
  
 
 ﬀ  
 	
 
 a˜n0  
 
 ﬀ  n0 
 n0,1
 
 	
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S˜i,1 ≈ a˜n0,1
K∑
r=−K
e
− r2
n0,1 ei3rϕ∗ 
S˜i,2 ≈ a˜n0,2
K∑
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e
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 e
− r2
n0±δ ≈ e− r
2
n0
(
1∓ δ
n0
)
=
e
− r2
n0 e
± δr2
n20 ≈ e− r
2
n0  
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
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1
3
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3
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1
3
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3
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f2(η˜∗)
≈ a˜n0,1
a˜n0,2
&
=
(
η˜3∗
9
)n0,1
(
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∑
n≥0
(
η˜30
9
)n
3n+1
n!
1
Γ(n+1+ 13)∑
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  2 
 V(l) ∈ R− |η˜∗| → ∞ 
 

  |ζ| → ∞&  ζ → ±∞
% 
	 2& β 	
   
 "    3
  
"&   -      ()* 
 (−β2) 13 = −β 23  ϕ(β) ∈ [7
4
π, 2π
)

 ϕ
(
β
2
3
)
∈ [π, 4
3
π
)
  "& (−β2) 13      
1
   	
	  	  	  
 
  
ﬁ
 	  

  	
 λ → 0    
       

 	
   
	ﬁ β1 ≤ − ωu0  β2 ≥ u0D  
 λ > 0 β1  
 β1 = − ωu ﬀ ≤ −
ω
u0
 u ﬀ < u0
 β2  
 β2 =
u′
 ﬀ
D
+ 1
τu0
 u′
 ﬀ
< u0
  
  ϕ(β) ∈ [1
2
π, π
]

 |β2|  |β1| ϕ(β)   
 
 12π 
 β2 = β21 − β22 + 2iβ1β2  	

 (β2) < 0
(β2) < 0   ϕ (β2) ∈ [π, 3
2
π
]
  ϕ(β) ∈ [1
2
π, 3
4
π
]

 ϕ(β) ∈ [3
2
π, 7
4
π
]
 

  ﬁ    
!  ϕ(β) ∈ [1
2
π, π
]
 
 λ = 0  	

 	
  "
i (ω − β1u0 + 2β1β2D) +
(
1
τ
+ β2u0 +
(
β21 − β22
)
D
)
= 0. #$%

 & λ > 0 u ﬀ  u
′
 ﬀ
   	
 β2 u
′
 ﬀ
    	

1
D
   
  !
  (ω − β1u0 + 2β1β2D) > 0   β2u0 ∼ u
′
 ﬀ
D
u0
 β22D ∼
u′
 ﬀ
2
D
 	
 β22D  	  β2u0   
 
!
 
(
1
τ
+ β2u0 + (β
2
1 − β22)D
)
> 0 
&   

 	
 λ = 0
i (ω − β1u0 + 2β1β2D) +
(
1
τ
+ β2u0 +
(
β21 − β22
)
D
)
!
= V(l)
(−β2λ2D) 13 #$"
 V(l) ∈ R−  	

  ϕ
(
(−β2) 13
)
!∈ [π, 3
2
π
]
  

 (−β2) 13 != (−1) 13β 23

 	
  	
 

  ϕ
(
β
2
3
)
∈ [1
3
π, 1
2
π
]
 
  (−1) 13 != −1 
&   

    
   	
 


' 
  ϕ(η˜∗) 	
 |ζ| → ∞ '     ζ > 0 
!
 

 	
 

  ζ < 0 
   

 
ϕ(η˜∗) =
{
1
2
π + ϕ(β)− π − 23ϕ(β) = 13ϕ(β)− 12π ∈
[
7
12
π, 2
3
π
)− 1
2
π 	
 ζ → ∞
3
2
π + ϕ(β)− π − 23ϕ(β) = 13ϕ(β) + 12π ∈
[
1
6
π, 1
4
π
]
+ 1
2
π 	
 ζ → −∞
#$#
 
ϕ(η˜∗) ∈
{ [
1
12
π, 1
6
π
)
	
 ζ → ∞[
2
3
π, 3
4
π
]
	
 ζ → −∞. #$

 η˜
3
2∗  	


ϕ(η˜
3
2∗ ) ∈
{ [
1
8
π, 1
4
π
)
	
 ζ → ∞[
π, 9
8
π
]
	
 ζ → −∞. #$(
    ﬀ   ﬂ
  ﬀ    λ      
u′
 ﬀ
< u0
   ϕ
(−β2) ∈ [0, 12π] 
ϕ
((−β2) 13) ∈
⎧⎪⎨
⎪⎩
[
0, 16π
][
2
3π,
5
6π
][
4
3π,
3
2π
]
.


(−1) 13 ∈
⎧⎪⎨
⎪⎩
ei
π
3
eiπ = −1
ei
5π
3 .

)
   	
  
 	  
 ﬀ
 
  	
 (η˜
3
2∗ ) > 0 (η˜
3
2∗ ) > 0  ζ → ∞ (η˜
3
2∗ ) < 0 (η˜
3
2∗ ) ≤ 0  ζ → −∞
 
  
 
 
		
   
 α 
η˜∗ =
iω − iβu0 + β2D + ζ(α + iβλ)
((α + iβλ)2D)
1
3
 
! |ζ| → ∞ η˜∗      

  " 
η˜∗ ∝
1
D
1
3
· ζ (α + iβλ)(
(α + iβλ)2
) 1
3
. # 
! 
 β $   
   	
 "   
 %   β1 ≥ 0
β2 ≤ 0   
	 ϕ(β) ∈
[
3
2
π, 2π
)
 ! α + iβλ  
  ϕ(α + iβλ) ∈ [0, 1
2
π
]
 &
 '% 
 
(α + iβλ)(
(α + iβλ)2
) 1
3
= (α + iβλ)
1
3 . ( 
! 
  )  	
 β1 < 0   β2 > 0  
    %(  *	 ϕ(β) ∈[
1
2
π, π
]
  ϕ(α + iβλ) ∈ [π, 3
2
π
]
 β2 ∼
u0
D
 α ! λ = 0 
  	 
 
	ﬁ
i (ω − β1u0 + 2β1β2D) +
(
β21 − β22
)
D = V(l)
(
α2D
) 1
3 . , 
! λ > 0 
 	 

i (ω − β1u0 + 2β1β2D) +
(
β21 − β22
)
D = V(l)
(
(α + iβλ)2D
) 1
3 . - 
 
  	ﬁ & 
        
    	 
 
  λ > 0 
 .
	 
 (ω − β1u0 + 2β1β2D) > 0  "     	 β21−β22 < 0 *  

 
 ϕ
(
V(l)
(
(α + iβλ)2D
) 1
3
)
!∈ [1
2
π, π
]
  
  	ﬁ  ϕ
(
(α + iβλ)2
) ∈ [0, π] 

 
 
 
 	 
  (α + iβλ)2   
   	 
 
 ϕ
((
(α + iβλ)2
) 1
3
)
!∈[
4
3
π, 5
3
π
]
 * ) 
 
 
  (α + iβλ)
2
3   
 
   
 
 ϕ
(
(α + iβλ)
2
3
)
=
2
3
ϕ(α + iβλ) ∈ [2
3
π, π
]
 *
(
(α + iβλ)2
) 1
3 = (α + iβλ)
2
3 ei
2
3
π ' 
 
(α + iβλ)(
(α + iβλ)2
) 1
3
= (α + iβλ)
1
3 e−i
2
3
π.  
&      ζ > 0 
 
   	
   ζ < 0 
 
  )  	

 
   
 
ϕ(η˜∗) =
⎧⎨
⎩
ϕ
(
(α + iβλ)
1
3
 
)
∈ [0, 1
6
π
]
 ζ → ∞
ϕ
(
− (α + iβλ)
1
3

)
− 2
3
π ∈ 1
3
π + 1
3
[
π, 3
2
π
]
=
[
2
3
π, 5
6
π
]
 ζ → −∞.
 
(/
   	
	  	  	  
 
  
ﬁ
 	  

  η˜
3
2∗  	
ϕ(η˜
3
2∗ ) ∈
{ [
0, 1
4
π
]
 ζ → ∞[
π, 5
4
π
]
 ζ → −∞. 

 	 (η˜
3
2∗ ) > 0 (η˜
3
2∗ ) ≥ 0  ζ → ∞ (η˜
3
2∗ ) < 0 (η˜
3
2∗ ) ≤ 0  ζ → −∞
	   
       		
|η˜∗| → ∞  |ζ| → ∞ 

 	  	   		     	 ﬁ 
V(l) = η˜0 
"
	  	    B
′
(η˜0)
!
= 0
# 	 	  $%%  & 		 B±(η˜)  
|η˜∗| → ∞  % 
B±,∞(η˜) =
{
B+(η˜) = A+η˜
− 1
4 e
2
3
η˜
3
2  (η˜
3
2∗ ) < 0  ζ → −∞
B−(η˜) = A−η˜
− 1
4 e−
2
3
η˜
3
2  (η˜
3
2∗ ) > 0  ζ → ∞

'
   	  	 	   B±(η˜)   	   B±,∞(η˜)  	&
h±(η˜)  R±(η˜)  	 	  h±,∞(η˜)  R±,∞(η˜) h±(η˜) 	 
h±(η˜) =
i
2
√
η˜

(
 R±(η˜) &	
R±(η˜) =
⎧⎨
⎩R+(η˜) = −i
√
η˜ + i
4η˜
 (η˜
3
2∗ ) < 0  ζ → −∞
R−(η˜) = −i
√
η˜ − i
4η˜
 (η˜
3
2∗ ) > 0  ζ → ∞.

)
#   R±(η˜) 	
B
′
±(η˜) =
⎧⎨
⎩
B
′
+(η˜) = B+(η˜)
(
−1
4
η˜−1 + η˜
1
2
)
 (η˜
3
2∗ ) < 0  ζ → −∞
B
′
−(η˜) = B−(η˜)
(
−1
4
η˜−1 − η˜ 12
)
 (η˜
3
2∗ ) > 0  ζ → ∞

*
#  &    &  B±(η˜) 	 % 
δB±(η˜) =
∣∣∣∣ 516η˜2h2±(η˜)
∣∣∣∣ = 564 1|η˜3| 
+
 &	   	   η˜0 = V(l)  |ζ| → ∞ &	 564 · 1|V
(l)
|3 
#     &   η˜0 = V(l) 		    & 	
	  & 	  V(l)  	ﬃ % l ≥ 0    B
′
(V(l))
!
= 0
("
   	
  
 	  
 ﬀ
 
  	

  	   	 |V(l)|    
   l 	 
	    	


l   
   	   
 B(η˜)      	       
 
B±(η˜)      	  V(l)         
 (V(l)) < 0 	 (V(l))
!
= 0   V(l) ∈ R−        
    B
′
(η˜) = 0    	
  ±iB±(η˜)S ′±(η˜) = ±iB±(η˜)R±(η˜) = 0
! η˜0 = −v  v > 0 "   
B(η˜) = B−(η˜) + iB+(η˜) #

    	 
B
′
(η˜) = −iB−(η˜)R−(η˜)− B+(η˜)R+(η˜). 
$ 	
	 	
 	 		 	  B
′
(−v)  A+ = A− = A    (−1)
1
4 = ei
π
4 
(−1) 54 = −eiπ4 	 (−1) 32 = −i    	
(B′(−v)) = 0 
(B′(−v)) = 2Av 14 sin
(
2
3
v
3
2 − π
4
)
+
1
2
Av−
5
4 cos
(
2
3
v
3
2 − π
4
)
%
"  	  	 B
′
(η˜) 	&  	
  	
    	  	
 	'  	 	  	 
	
   B
′
(−v) = 0 	 ﬁ   	
tan
(
2
3
v
3
2 − π
4
)
= −1
4
v−
3
2 )
	 	   
  v ∈ R>0 "  	 	   
  	

   	 *+
,	      	  	
   	  	   	  	  

 	 	'	  
	 v -  v    ﬃ
 
	  ) 	 
 	 
sin
(
2
3
v
3
2 − π
4
)
≈ 0 /
   
  	   
2
3
v
3
2 − π
4
= kπ 0
vk =
[3
2
π
(
k +
1
4
)] 2
3
. %1
2
V(l) ≈ −
[3
2
π
(
l +
1
4
)] 2
3
 
	 
ﬃ 	 l
  	
  	 
  
	

  		 
   
  	 	 B±(η˜)  	  
  β(u0, λ, ζ) 	     	! 	 	 " 	
 
#$
  	
  	 
  
	

   	 
  	   	     	  	 
	  
 	  

	 	 	     
  
  	 	 	 	
 	    	  

	 		 β1 
	        β2 	 
 ﬃ	   
  	  	 
	 u0  λ   	  
 
	 ζ  
 
B
′
(η˜0)
!
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2
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   ϕ
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(−β2) 13
)
∈ [0, 1
3
π
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 ω) =
3
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π 

 (η˜
3
2
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0, ﬀ	
 ω) < 0          
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η˜0, =
η0,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(−β2λ2D) 13 =
iω − iβu0 + β2D
(−β2λ2D) 13 
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 	    ω → 0
 " !    	  	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  β1 =
ω
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 ωtζ  1 β2 	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 ω  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 |β2| > 0   
	  ζ 	  
 ,	 β21 < β
2
2   β ≈ iβ2 ϕ(β) ≈ 32π
 %	
β22D  β2u0 	          η0, ≈ β2u0
      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 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  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 + 	   		   −β2λ2D    
(−1) 13 = −1    (
 
./  0
η˜0, ≈
β2u0
(−β2λ2D) 13 =
β2u0
(−1) 13 (β) 23 (λ2D) 13 . 
.
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 
ϕ(η˜0,) ≈ π 

ϕ(η˜
3
2
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) ≈
3
2
π 
1
     λ = 0   	
ﬃ  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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 
  	  	 x1
  t1   
  	 x2 = x1 + u0(t2 − t1)   t2  t1 = 0  x1 = 0 
   
	   	  	 x1 = 0  c0(t)  c(x, t) = c
(
x = 0, t− x
u0
)
=
c0
(
t− x
u0
)
= c0(t) ∗t δ
(
t− x
u0
)
    
 	 	 cˆ(x, ω) = cˆ0(ω)e
−i ω
u0
x
 β1 =
ω
u0
  	 λ > 0  ﬀ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 ! uﬀ 	
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 
	 z > 0  u(z) = u0 − λz < u0 
   		
  u(z) ﬁ   
 z∗    ﬁ  u0 ≥ uﬀ ≥ u0 − λζ ≥ 0 #z∗  ζ$  β1 = ωu ﬀ ≥ ωu0 
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η˜0,  ≈ − |β2|
1
3
u0
(λ2D)
1
3

  (η˜
3
2
0, ) ≈ 0 (η˜
3
2
0, ) < 0

  
  	  η˜0,  ∈ R− 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 ω  	 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	  	 	   η˜0  
	  	 	
		  ω > 0 
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 			
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3
2
0
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 	 ω 
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  β1   β2 	  	 	
		  
 β1 =
ω
u ﬀ
  β2 ≈  
(ω)       $ 
		
 	%# 
  η˜0(ω)  
ω = 0 	   η˜0(ω = 0) = η˜0,  #  	 ﬁ
 	'
η˜0 ≈ η˜0,  +
∂η˜0
∂ω |ω=0
δω. ()
*	  	
η˜0 =
η0
(−β2λ2D) 13
=
iω
(
1− u0
u ﬀ
+ 2 1
u ﬀ
β2D
)
+ β2u0 +
(
ω2
u2
 ﬀ
− β22
)
D[
−λ2D
((
ω2
u2
 ﬀ
− β22
)
+ i2β2
ω
u ﬀ
)] 1
3
(+
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	  
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 	
 ∝ D  	     
	 ω = 0  	 ﬀ		 
	
#	  β2|ω=0 ≈ −β22  β2 < 0   β2β22 =
1
β2
$	

∂η˜0
∂ω |ω=0
≈
i
(
1− u0
u ﬀ
)
(−β2λ2D) 13 |ω=0
+
2
3
iη˜0, 
1
β2uﬀ
. (-
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	 η0,  ≈ β2u0 ﬁ 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∂η˜0
∂ω |ω=0
≈
i
(
1− 1
3
u0
u ﬀ
)
(−β2λ2D) 13 |ω=0
. (.
/ u0 ≥ uﬀ 	  

	 u0u ﬀ ≤ 3 
 	 uﬀ ≥ u0 − λζ  
λζ
u0
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
	
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# 			 u0
u ﬀ
≤ u0
u0−λζ ≈ 1 +
λζ
u0
< 3  
1− 1
3
u0
u ﬀ
≥ 0
		 	  	 ϕ
((
−β2|ω=0λ2D
) 1
3
)
= ϕ((−1) 13 ) + ϕ
(
β
2
3
]
= 2π ≡ 0  2π  
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ϕ
(
∂η˜0
∂ω |ω=0
)
=
1
2
π. (

  
 	
  (∂η˜0
∂ω |ω=0) = 0   (
∂η˜0
∂ω |ω=0) > 0   	 
   ϕ (η˜0) < π  
ϕ
(
η˜
3
2
0
)
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2
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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 	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  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	
	 η˜
3
2
0 − η˜
3
2∗  
  	 η∗ = η0 + iβλζ 
η˜∗ = η˜0
(
1 + i
βλζ
η0
)
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η˜
3
2∗ = η˜
3
2
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(
1 + i
βλζ
η0
) 3
2
. 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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 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2
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1 + i
βλζ
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) 3
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η˜
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η˜
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η˜
3
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0 − η˜
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η˜
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 |h±(η˜0)| 
&   	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0
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∣∣∣∣∣e∓
4
3
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η˜
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2
0 −η˜
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(η˜0)  
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η˜∗,⊕ = η˜∗(ζ ≥ 0)
η˜∗, = η˜∗(ζ < 0)

k−,⊕ = e
4
3
(η˜
3
2
0 −η˜
3
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∗,⊕)
k+,⊕ = e
− 4
3
(η˜
3
2
0 −η˜
3
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∗,⊕)
k−, = e
4
3
(η˜
3
2
0 −η˜
3
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(η˜
3
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0 −η˜
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"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4
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4
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2
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1
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4
η˜
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3
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4
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k+,⊕ = −
⎛
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⎛
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(η˜
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0 −η˜
3
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4
η˜
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2
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1
4
η˜
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η˜0 =
η0
(−β2λ2D) 13
≈ − |β2|
1
3
u0
(λ2D)
1
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π2
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 ln (1± x) ≈ ±x − 1
2
x2 ± 1
3
x3 − 1
4
x4 ± · · · 

ln (1− x)− ln (1 + x) ≈ −2x+O(x3)  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(
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4
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2
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(
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1
4
η˜
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2
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2
η˜
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2
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3
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β2(l)
(
V 3(l)λ
2D + 3W 2D − 3Wu20
)
+ β(l)
(−3iW 2u0)+W 3

W = iω +
1
τ
.  
# 

 
 ∝ D2 
 	 	 	 
	  β(l)
0 = ' 
β4(l)
(−3u20D)+ β3(l) (iu30 − 6iu0WD)+
β2(l)
(
V 3(l)λ
2D + 3W 2D − 3Wu20
)
+ β(l)
(−3iW 2u0)+W 3
 	(
  −3u20D
0 = ) 
β4(l) + β
3
(l)
(
−1
3
i
u0
D
+ 2i
W
u0
)
+
β2(l)
(
−1
3
V 3(l)
λ2
u20
− W
2
u20
+
W
D
)
+ β(l)
(
i
W 2
Du0
)
− 1
3
W 3
Du20
  
 
 	  
 

 β 
	 
 	  
  	

	   
  ∣∣iω − iβ(l)u0∣∣ ∣∣β2(l)D∣∣ * 
 
   
	 	(
iω +
1
τ
− iβ(l)u0 + β2(l)D
)3
≈
(
iω +
1
τ
− iβ(l)
)3
+ 3β2(l)D
(
iω +
1
τ
− iβ(l)
)2
+ 
 
  
 		 (x+ )3 ≈ x3 + 3x2 	 	 	 
 



	 	 
 
	  (x+ )3 	
 
 
	 
  
 
 
 		  
 β 
	   
 	
  
  

 
   		 	 	 

  
 
  
 ,
 !
	
-
 .		 	 
  

 
 	  		 
  
 
 
 
 
   
 		 	
 	
/
%%
   	
  	  
   
ﬁ 	  

     	
	 	
	 
  ω u0 λ τ α    V(l) 

      	 
    	  
 	 
   
	   	
  
 
       

       ﬁ   	    	 (1+)
1
n ≈
1 + 
n
 " n = 2  n = 3  ||  1 # ||  1   
 	  
  $  
 #        (1 + )
1
n 
	     %         
   
     $     z = reiϕ " ϕ ∈ [0, 2π)
 
  z
1
n = r
1
n ei
ϕ
n 
     1  −1  ﬁ  		"&
1
1
3 = 1 '()
(−1) 13 = −1
1
1
2 = 1
(−1) 12 = i
  
     (±a + b) 1n " a ∈ C b ∈ C |a|  |b|  n ∈ {2, 3} 
  (±a + b) 1n ≈ (±1) 1na 1n (1± b
a
) 1
n ≈ (±1) 1na 1n (1± 1
n
b
a
)
   a
1
n 
   
 (±1) 1n  	
    '()
       
 	  	
   
 

       λ → 0 λ ≥ 0  	
  '*  
       	   		 	
	 	
   
" (β(l)) < 0   
 
  		 λ ≥ 0 	  	
  "
    λ → 0
    " 
  		" 
   &
|W | = 11

u0 = 0.1


λ = 100
1

.
+ " 
  β  
∣∣V(l)∣∣ ∼ 1  ∣∣V(l)∣∣ ∼ 10  "		   ,
    

	  ﬀ
  .      
 
∣∣V(l)∣∣ 10  
//*
  β 	
	     
  β 	
	 
∣∣V(l)∣∣ ∼ 1
  	
 	  
P =
(
W
u0
) 1
3
=
(
iω + 1
τ
u0
) 1
3

M =
(
λ2D
u30
) 1
3
Q =
u0
D
.
  β 		 
∣∣V(l)∣∣ ∼ 1  
	 
β(l) ≈ 
− iP 3 + iV(l)MP 2 − 2
3
iV 2(l)M
2P +
1
3
iV 3(l)M
3
− 10
81
iV 4(l)
M4
P
+
7
243
iV 5(l)
M5
P 2
− 22
6561
iV 7(l)
M7
P 4
+
49
39366
iV 8(l)
M8
P 5
− 14iP
6
Q
+
28
3
iV(l)
MP 5
Q
− 5
6
iV 2(l)
M2P 4
Q
+ 2iV 3(l)
M3P 3
Q
− 52
27
iV 4(l)
M4P 2
Q
− 13
81
iV 5(l)
M5P
Q
+
280
2187
iV 7(l)
M7
PQ
+
49
6561
iV 8(l)
M8
P 2Q
+O(
1
P 3Q
). 
    ∝ 1
Pn
! n ≥ 1!      		 "	 	    |W | > 0
#	"  " 1
τ
> 0!  "		  ﬁ
%   	 " " 	  β 		  &"    
	 
   u0! λ! τ   		       	  	

      		   ""	
 ' 	 ""  (!
 β 		   
  		
 	      		  
""	
   !  		 	   	" 		"  β 	 
      
	     
  	
	
 	 V(l)
#	"  "   ω → 0  β1,(l) → 0!  "	     13iV 3(l)M3 	
'   V(l)
!∈ R #	"  "  β2,(l) < 0 			  W ! V(l)
!∈ R− 
' )" V(l)  ﬁ	  	  ' *!  "		 V(l)
!∈ R− 
   			   V(l) +
  "		 V(l)
!∈ R−  	 	
  #,(  
∣∣V(l)∣∣ ∼ 1! 	  	
  ' V(l) !∈ R−   #,( 	
(#,( 	   l 	    β 		!   ﬁ		    		


+ 	 " "  ' * 	
  "  
 -%. /"! 
 	ﬁ	   "   ﬁ	  !    	
   V(l)! ﬁ	
*
   	
  	  
   
ﬁ 	  

      	
      	  
V0 ≈ −1.0188 
V1 ≈ −3.2482
V2 ≈ −4.8201
V3 ≈ −6.1633
V4 ≈ −7.3722
V5 ≈ −8.4885
V6 ≈ −9.5354
V7 ≈ −10.5277
V8 ≈ −11.4751
V9 ≈ −12.3856.
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cˆ(ω, x, z) =
∫ ∞
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e−iωtc(t, x, z)dt 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∫ ∞
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 z = reiϕ ϕ ∈ [0, 2π)   r, ϕ ∈ R z∗ =
re−iϕ = rei(2π−ϕ) 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 q ∈ R+  z±q = r±qe±iψ 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 
  (z∗)
±q
= r±q
(
e−iϕ
)±q !
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 ζ = qϕ  2π = ψ  (z∗)
±q
= r±qe∓iψ

(z∗)
±q
=
(
z±q
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  	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e−iβ(l)(ω)(x−x
′)
)
= eiβ
∗
(l)
(ω)(x−x′) != e−iβ(l)(−ω)(x−x
′) 

β∗(l)(ω)
!
= −β(l)(−ω). 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β∗(l)(ω) = i (P
∗(ω))3 − iV ∗(l)M (P ∗(ω))2 +
2
3
i
(
V ∗(l)
)2
M2 (P ∗(ω))− 1
3
i
(
V ∗(l)
)3
M3

!
= −β(l)(−ω) = iP (−ω)3 − iV(l)MP (−ω)2 + 2
3
iV 2(l)M
2P (−ω)− 1
3
iV 3(l)M
3.
   P (−ω) = P (ω)∗     ! " 	 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∣∣V(l)∣∣ ∼ 1  
 ﬀ" !   
ωτ  1. 
(  	!
P = i
1
3
(
ω
u0
) 1
3
(
1− i 1
ωτ
) 1
3

≈ i 13
(
ω
u0
) 1
3
(
1− 1
3
i
1
ωτ
)
.
  eiz z ∈ C  	
eiz = 1 + iz − 1
2
z2 − i1
6
z3 + · · ·
(
eiz
)∗
= 1− iz∗ − 1
2
z∗
2 + i
1
6
z∗
3 + · · ·
= e−iz
∗
.
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  P 3 = i ω
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+ 1
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 ω 
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 
 
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 β2,(l) 	    
 
 iV(l)MP
2  
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 
 i = ei
π
2 
 

 	
i
n
3 = (in)
1
3 
 −4 < n < 4  		 
	  i 13   
i
1
3 ∈
{
ei
1
6
π, ei
5
6
π, ei
3
2
π
}
 
=
{√
3
2
+
1
2
i,−
√
3
2
+
1
2
i,−i
}
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 		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	  i
2
3   

 	
i
2
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ei
1
3
π, ei
5
3
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!
=
{
1
2
+
√
3
2
i,
1
2
−
√
3
2
i,−1
}
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	 ω τ  u0 λ   V(l) < 0 
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ﬁ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√
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√
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β1,(l) ≈ 
ω
u0
−
√
3
2
(
ω
u0
) 2
3
(
1− 2
√
3
9
1
ωτ
)
V(l)
(
λ2D
u30
) 1
3
+
1
3
(
ω
u0
) 1
3
(
1−
√
3
3
1
ωτ
)
V 2(l)
(
λ2D
u30
) 2
3
− 5
81
(
ω
u0
)− 1
3
(
1−
√
3
3
1
ωτ
)
V 4(l)
(
λ2D
u30
) 4
3
+
7
√
3
486
(
ω
u0
)− 2
3
(
1− 2
√
3
9
1
ωτ
)
V 5(l)
(
λ2D
u30
) 5
3
+ · · ·
β2,(l) ≈ 
− 1
τu0
+
1
2
(
ω
u0
) 2
3
(
1 +
2
√
3
3
1
ωτ
)
V(l)
(
λ2D
u30
) 1
3
−
√
3
3
(
ω
u0
) 1
3
(
1 +
√
3
9
1
ωτ
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V 2(l)
(
λ2D
u30
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3
+
1
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(
λ2D
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)
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√
3
81
(
ω
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)− 1
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(
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√
3
9
1
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V 4(l)
(
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u30
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7
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(
ω
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(
1 +
2
√
3
3
1
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)
V 5(l)
(
λ2D
u30
) 5
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+ · · ·
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∣∣V(l)∣∣ ∼ 1 
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ωτ 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P n =
(
1
τu0
)n
3
(1 + iωτ)
n
3 
≈
(
1
τu0
)n
3 (
1 + i
n
3
ωτ
)

 n ∈ Z
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 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 ωτ  1 
β1,(l) ≈ 
ω
u0
(
1− 2
3
(τu0)
1
3 V(l)
(
λ2D
u30
) 1
3
+
2
9
(τu0)
2
3 V 2(l)
(
λ2D
u30
) 2
3
− 10
243
(τu0)
4
3 V 4(l)
(
λ2D
u30
) 4
3
+
14
729
(τu0)
5
3 V 5(l)
(
λ2D
u30
) 5
3
+ · · ·
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β2,(l) ≈ 
− 1
τu0
+
1
(τu0)
2
3
V(l)
(
λ2D
u30
) 1
3
− 2
3
1
(τu0)
1
3
V 2(l)
(
λ2D
u30
) 2
3
+
1
3
V 3(l)
(
λ2D
u30
)
− 10
81
(τu0)
1
3 V 4(l)
(
λ2D
u30
) 4
3
+
7
243
(τu0)
2
3 V 5(l)
(
λ2D
u30
) 5
3
+ · · ·
    β(l)   β1,(l) ∼ ω 	 β2,(l) ≤ − 1τu0 + 13V 3(l) λ
2D
u30

 ω → 0
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iV 3(l)M
3 − 3iP 3 + 3iM−3V −3(l) P 6
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V 3(l)M
3P 3
Q
− 24iP
6
Q
+ 48i
V −3(l) M
−3P 9
Q
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V −6(l) M
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√
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√
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(l)
λ2D
) 1
3
β(l)
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f(β) = iω +
1
τ
− iβu0 + β2D + V
(
λ2D
) 1
3 β
2
3 !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  

C3 + Cp+ q = 0 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√
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√
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  "+ ω  F ∼ −ω 13 	

F = 0  β1 = β2  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∣∣V(l)∣∣ 34 %
=
3
2
ω
−u0 − 2αDλ + 2(λD)
1
2
∣∣V(l)∣∣ 34
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√
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(V(l) + δV(l)).
!!	' (1 + )
1
3 ≈ 1 + 1
3
  	  	 	 δβ(l) 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 
ϕ
(
β2
)
= 2ϕ(β)− 2π  
ϕ
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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	   
 
(
1 + iβλζ
η0
)
|ω=0
 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2
0 βD
1
2
)
+ 1.
,
	  η0   
 λ  β   	 
%   
  
  
   
 λ   
% 
 A B C D  X  


A = A1 + iA2 =
9
64
η−60 β
4D2
B = B1 + iB2 = − 9
32
2π(2n+ 1)η
− 9
2
0 β
3D
3
2
C = C1 + iC2 =
3
4
η−30 β
2D
(
1 +
3
16
4π2(2n+ 1)2
)
D = D1 + iD2 = −3
4
2π(2n+ 1)η
− 3
2
0 βD
1
2
X = X1 + iX2 = i
β
η0
.
#  ﬁ
 
 
   	  
 
  [−π, π)   ﬁ
 

B  D   	   	 
   
	 η0  
" 

(*
  	 β 
		     
     	
 
       
B = B1 + iB2 =
9
32
2π(2n+ 1)η
− 9
2
0 β
3D
3
2
D = D1 + iD2 =
3
4
2π(2n+ 1)η
− 3
2
0 βD
1
2 .
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   
(1 +X · q)3 = λ4A+ λ3B + λ2C + λD + 1. 


(1 + (X1 + iX2) q)
3 = q3
(
X1
(
X21 − 3X22
))
+ 3q2
(
X21 −X22
)
+ 3qX1 + 1 

+ i
[
q3
(
X2
(
3X21 −X22
))
+ 6q2X1X2 + 3qX2
]
  	
 
          !  	" #   ! "$!
λ  ζ
 % λ = 0    	"   #       
ζ · 3X1 + ζ2λ · 3
(
X21 −X22
)
+ ζ3λ2 ·X1
(
X21 − 3X22
)
= D1 +λ ·C1 +λ2 ·B1 +λ3 ·A1 
&
    	" #         
ζ · 3X2 + ζ2λ · 6X1X2 + ζ3λ2 ·X2
(
3X21 −X22
)
= D2 + λ · C2 + λ2 · B2 + λ3 · A2. 

'   !  	"  	
 
&  
       λ3      
	"  	"  λ
rλ2 + sλ+ t = 0 
())
!
r = ζ3v1 + v2 
()(
s = ζ2w1 + w2 
()*
t = ζy1 + y2 
()+

v1 = −X2
(
3X21 −X22
)
A1 +X1
(
X21 − 3X22
)
A2 
(),
v2 = A1B2 − A2B1 
()
w1 = −6X1X2A1 + 3
(
X21 −X22
)
A2 
()
w2 = A1C2 − A2C1 
()
y1 = −3X2A1 + 3X1A2 
()&
y2 = A1D2 − A2D1. 
()
-  "   	
 
())      
λ1/2 =
−s±√s2 − 4rt
2r
. 
(()
(
   	
   
 


   A1  A2 	
  	 D
2    r s  t  
	 λ1/2 
 
  	
   

  	 D2 	  
     
 	 	
 
     
	 	
     ! 

   λ(ζ)    	 

 
 ζ 
 
    λ(ζ) ∈ C "   
  

   ζ   !#
$  	     %% ! ﬁ
f(ζ) =  
−D2 − λC2 − λ2B2 − λ3A2
+ ζ · 3X2 + ζ2λ · 6X1X2 + ζ3λ2 ·X2
(
3X21 −X22
)
! λ = λ(ζ) '  ζ 
  
   

f(ζ) = 0. ( 
' 

 f ′(ζ) 
 
 
f ′(ζ) = ) 
− ∂λ
∂ζ
· C2 − 2λ∂λ
∂ζ
· B2 − 3λ2∂λ
∂ζ
· A2
+ 3X2 + ζλ · 12X1X2 + ζ2λ2 · 3X2
(
3X21 −X22
)
+ ζ2
∂λ
∂ζ
· 6X1X2 + ζ3λ∂λ
∂ζ
· 2X2
(
3X21 −X22
)
.
' 

  λ(ζ) !
 	  ζ 
 
     
∂λ
∂ζ
= * 
− s
′(ζ)
2r(ζ)
+
s(ζ)
2r(ζ)2
r′(ζ)
±
[
2s(ζ)s′(ζ)− 4r′(ζ)t(ζ)− 4r(ζ)t′(ζ)
4r(ζ)
√
s(ζ)2 − 4r(ζ)t(ζ) −
r′(ζ)
2r(ζ)2
√
s(ζ)2 − 4r(ζ)t(ζ)
]
.
+ 

     !#$ 

 
 
 
ζ(n+1) = ζ(n) − f
(
ζ(n)
)
f ′ (ζ(n))
. , 
     !   ζ   		   	
 !  
λ(ζ)    
 
   ﬁ- f(ζ)  f ′(ζ)   - 

 
' 
# 

 	 	  	
  !.
 /	 ζ(0)   %( 
( /  ζ
(0)
s ∈ R+ 
  
	

  ζ(0)  
 
) 0 	 
  ζ
(0)
s         

 +  − 
   

  	 β 
		     
    	
 
 ζ   	   λ(ζ)    
 λ(ζ) ∈ C  
   ζ(λ) ∈ C !    
 |ζ|  (ζ)    
 

 ζ   "     ! 	 ζ ∈ R 		   

ζ ∈ R   
   #
    " ! 	  	" 

   	
   
 $  	  ζ 
      %     	

    %  & '% 	
 %   
& (	) 
∣∣∣(λ)(λ) ∣∣∣  %  ﬁ   (λ) > 0    +  
ﬁ

   
  β  u0    
  λ ζ $  	
 
ﬁ     '% 	
 %  ,   -
$ β λ  ζ    u0  
)%    + % ﬁ g(u0) 
g(u0) =
8
3
η30
(
1−
(
1 + i
βλζ
η0
) 3
2
)
− 2π(2n+ 1)η
3
2
0 βλD
1
2 + β2λ2D 
% η0 = η0(u0) .  u0    
g(u0) = 0 &
%	 	   ! 
   %/0  1! 	
∂η0
∂u0
= −iβ +
  g′(u0)   !
g′(u0) = −8iη20β
(
1−
(
1 + i
βλζ
η0
) 3
2
)
+ 4η0β
2
(
1 + i
βλζ
η0
) 1
2
λζ + 3iπ(2n+ 1)η
1
2
0 β
2λD
1
2 .
2
3   
 u
(0)
0   %        n 	 

4
u
(0)
0 ≈
ω +
√
ω2 + 4β1λζω
(
1
2
− 2
N
)
2β1
≈ ω
β1
+ λζ
(
1
2
− 2
N
)
≥ ω
β1
-
% 1
2
− 2
N
≥ 0 ∀n ≥ 0  β1λζ
ω
 1   

    ﬁ   [−π, π) g(u0)  g′(u0)  
g(u0) =
8
3
η30
(
1−
(
1 + i
βλζ
η0
) 3
2
)
+ 2π(2n+ 1)η
3
2
0 βλD
1
2 + β2λ2D -
g′(u0) = −8iη20β
(
1−
(
1 + i
βλζ
η0
) 3
2
)
+ 4η0β
2
(
1 + i
βλζ
η0
) 1
2
λζ − 3iπ(2n+ 1)η
1
2
0 β
2λD
1
2 .
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jh(t, x
′) = jh
(
t− Δx
′
vs
, x′ −Δx′
)
 
* , 
" Δx′ = x′*
jh(t, x
′) = jh
(
t− x
′
vs
, x′ = 0
)
= j0
(
t− x
′
vs
)
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  
 
 x′  ﬁ   
  


   
  
 
 
 x′ = 0	 
   
  − x′
vs


   
  
 vs  
 
 x
′      

 
  δ 

	
jh(t, x
′) = j0
(
t− x
′
vs
)
= j0(t) ∗t δ
(
t− x
′
vs
)
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jˆh(ω, x
′) = jˆx′(ω) = jˆ0(ω)e
−i ω
vs
x′ . !"
    
 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∑
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∑
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 κ1(ω,x)
κ1,max+δκ
≤ κ1,max
κ1,max+δκ
≤ 1
1+δκ
< 1 	 κ1(ω,x)
κ1,max+δκ
≥ 0 
 0 <
1− κ1(ω,x)
κ1,max+δκ
≤ 1 	
∣∣∣log (1− κ1(ω,x)κ1,max+δκ
)∣∣∣ ≥ 0 ! ∣∣∣log (1− κ1(ω,x)κ1,max+δκ
)∣∣∣ = 0 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∣∣∣log (1− κ1(ω,x)κ1,max+δκ
)∣∣∣ ≤ ∣∣log (1− 11+δκ)∣∣ =
|log (δκ)− log (1 + δκ)| ≈ |log (δκ)− δκ| = 5 + 10−5 ≈ 5
  	
 κ(ω, x) 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ﬁ 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
log
(
1− κ1(ω,x)
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)
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 !
 ∣∣∣∣log
(
1− κ1(ω, x)
κ1,max + δκ
)∣∣∣∣ !≥ κlim *
	
log
(
1− κ1(ω, x)
κ1,max + δκ
)
!≤ −κlim +

1− κ1(ω, x)
κ1,max + δκ
≤ 10−κlim . ,
-
κ1(ω, x) ≥
(
1− 10−κlim) (κ1,max + δκ) ≈ (1− 10−κlim)κ1,max. .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σ2x′ =
∑
i∈{k∈N:xk∈[x′,xe]}
(
β2,(0)xi + b− ln (|cˆ(ω, xi)|)
)2 · 1κ(ω,xi)≥κlim∑
i∈{k∈N:xk∈[x′,xe]} 1κ(ω,xi)≥κlim

    1	 	  1   &     
	
0 + 	
 	 	      
  	 κlim xﬁ 
ﬁ   x     ﬁ 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  −π  π         ﬁ
β2,(0)   
  	  ﬁ   	  β2,(0)x+a  s(ω, x) = ln (|cˆ(ω, x)|)
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 σ21  ϕ(ω, x)  	 σ
2
2  s(ω, x)
σ21 =
∑
i∈{k∈N:xk∈[xﬁ,xe]}
(
β1,(0)xi + a− ϕ(ω, xi)
)2 · 1κ(ω,xi)≥κlim∑
i∈{k∈N:xk∈[xﬁ,xe]} 1κ(ω,xi)≥κlim
σ22 =
∑
i∈{k∈N:xk∈[xﬁ,xe]}
(
β2,(0)xi + c− s(ω, xi)
)2 · 1κ(ω,xi)≥κlim∑
i∈{k∈N:xk∈[xﬁ,xe]} 1κ(ω,xi)≥κlim
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iω +
1
τ
− iβ(l)u0 + β2(l)D + β
2
3
(l)λ
2
3D
1
3V(l) = 0. (-.)
   !"#! ( $ (+.))

iω − iβ(l)u0 + β2(l)D −
((
α + iβ(l)λ
)2
D
) 1
3
V(l) = 0. (-/)
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 cˆﬁ(ω, x) %  $ (		/)   kx = 0  xkx = x0 = 0

cˆﬁ(ω, x) = jˆ0(ω)Δx
∑
l≥0
A(l)e
−iβ(l)x (-1)
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  
 jˆ0(ω)Δx ∈ C 
         

 
 

 L 
 
   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Δx ,(L) =
3
β2,(L) − β2,(L+1) < Δxl  $"
Δx ,(L−1) =
3
β2,(L−1) − β2,(L) ≥ Δxl. 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 β(l)
 A(l)  l ∈ [0, L]  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 ﬁ 
  yˆ(x) = p · f(x) 
   
p ∈ C      
  x f(x) ∈ C & p = jˆ0(ω)Δx
 f(x) =
∑
l≥0A(l)e
−iβ(l)x &  
	    
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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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 2 '  
 yˆ1(x) = C˜1p 
yˆ2(x) = C˜2p 
 C˜1, C˜2 ∈ R1×2
C˜1 =
(
f1(x) −f2(x)
)
 $("

C˜2 =
(
f2(x) f1(x)
)
.  $ "
    p 
 	
 
p =
(
p1
p2
)
.  $$"
) 
	  
   x  N 
  j ∈ [0, N−
1]  	
   xj  	       xj 

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  
   
ˆy1 =
(
f1 −f2
)
p  *!!"

ˆy2 =
(
f2 f1
)
p  *!*"

 ˆy1, ˆy2, f1, f2 ∈ RN×1   C1, C2 ∈ RN×2 

C1 =
(
f1 −f2
)
 *!+"

C2 =
(
f2 f1
)
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 	
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  y1 	 y2 
 y1, y2 ∈ RN × 1  
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w(p1, p2) =
N−1∑
j=0
[
(yˆ1,j − y1,j)2 + (yˆ2,j − y2,j)2
]

=
(
ˆy1 − C1p
) (
ˆy1 − C1p
)
+
(
ˆy2 − C2p
) (
ˆy2 − C2p
)
!
= 	
= y1 y1 + p
C1 C1p− 2pC1 y1 + y2 y2 + pC2 C2p− 2pC2 y2
 y1,2C1,2p = p
C1,2y1,2 =
(
y1,2C1,2p
)
  	 y1,2C1,2p ∈ R  	 
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∂p1
!
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∂p2
!
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(
C1 C1 + C

2 C2
)
p  = 2C

1 y1 + 2C

2 y2. "
#	
(
C1 C1 + C

2 C2
) ∈ R2×2    ! 
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! 
 	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 
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 
 
 p  		 w(p1, p2) 
p  =
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C1 C1 + C

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C1 y1 + C

2 y2
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	 cˆﬁ(ω, x)
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 ﬁ jˆ0(ω)Δx0
σ2(u0,λ,p) =
∑
i∈{k∈N:xk∈[xe,Δxl]} |cˆﬁ(ω, xi)− cˆ (ω, xi)|
2 · 1κ(ω,xi)≥κlim∑
i∈{k∈N:xk∈[xe,Δxl]} 1κ(ω,xi)≥κlim
1

 p = ζ / 
 &! p = τ / 
 #2 	 p = α / 
 #20
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 #2 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ﬁ 
 	! λ  ! u0 	
τ  
	  
 	 β 		
    
	 	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 / 
 
! σu0 ! σλ! σp / σ = σ(u0,λ,p)! ﬁ
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	 cˆﬁ(ω, x) 	 

σ2 =
∣∣∣jˆ0(ω)Δx∣∣∣2 L−1∑
l=0
∣∣∣∣∣∂
(
A(l)e
−iβ(l)x
)
∂β(l)
∣∣∣∣∣
2
σ2β(l) . 
& 
 #2  
	 / $ '" /  l ≤ L− 1  / ﬃ	
 
Δxl0
A(l),z=0 ≈ − 1(
λ
D
) 1
3
1
V(l)
β
4
3
(l)
−1
3
V(l)β
2
3
(l) (λ
2D)
1
3 + iω + 1
τ
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8
'9
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 
∂A(l),z=0
∂β(l)
=
2
3
A(l),z=0
β(l)
⎛
⎜⎝2− 1
1− 3 iω+ 1τ
V(l)(λ
2D)
1
3
β
− 2
3
(l)
⎞
⎟⎠ 		


∂
(
A(l)e
−iβ(l)x
)
∂β(l)
= A(l),z=0e
−iβ(l)x
⎛
⎜⎝2
3
1
β(l)
⎛
⎜⎝2− 1
1− 3 iω+ 1τ
V(l)(λ
2D)
1
3
β
− 2
3
(l)
⎞
⎟⎠− ix
⎞
⎟⎠ . 			
 x ≥ Δxl  ﬃ  Δxl   ∣∣∣∣∣∂
(
A(l)e
−iβ(l)x
)
∂β(l)
∣∣∣∣∣
2
≈ ∣∣A(l)∣∣2 x2e2β2,(l)x 		

σ2 ≈
∣∣∣jˆ0(ω)Δx∣∣∣2 x2 L−1∑
l=0
∣∣A(l)∣∣2 e2β2,(l)xσ2β(l) . 		 
    σβ(l) !    x "   !  
 l = 0 σβ(0)     ##      σ
2 
  l = 0  
σ2 ≈
∣∣∣jˆ0(ω)Δx∣∣∣2 x2 ∣∣A(0)∣∣2 e2β2,(0)xσβ(0)(x)2. 		$
  !
σ2β(0)(x) ≈ σ2
∣∣A(0)∣∣2∣∣∣jˆ0(ω)Δx∣∣∣2
1
x2e2β2,(0)x
		%
σ2β(0)    x    ﬁ σ
2   ' # (
 #  ﬁ 
σ2 ≈
∣∣∣jˆ0(ω)Δx∣∣∣2 ∣∣A(0)∣∣2 σ2β(0) 1xe −Δxl
∑
i∈{k∈N:xk∈[Δxl,xe]}
x2i e
2β2,(0)xi 		)
      σ2β(0)
σ2β(0) ≈σ2
1∣∣∣jˆ0(ω)Δx∣∣∣2
1∣∣A(0)∣∣2 · 		
xe −Δxl
e2β2,(0)xe
(
1
4β3
2,(0)
− xe
2β2
2,(0)
+ x
2
e
2β2,(0)
)
− e2β2,(0)Δxl
(
1
4β3
2,(0)
− Δxl
2β2
2,(0)
+
Δx2l
2β2,(0)
) .
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  l  σβ(l) = σβ(0) 
σ2 ≈
∣∣∣jˆ0(ω)Δx∣∣∣2 x2σβ(0)(x)2 1L
L−1∑
l=0
∣∣A(l)∣∣2 e2β2,(l)x. 
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σ2β1,(0)
β21,(0)
!
=
σ2β2,(0)
β22,(0)

	 	  σ2β(0) = σ
2
β1,(0)
+ σ2β2,(0)  β
2
(0) = β
2
1,(0) + β
2
2,(0)  
σ2β1,(0) = σ
2
β(0)
β21,(0)
β2(0)


σ2β2,(0) = σ
2
β(0)
β22,(0)
β2(0)
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σq = max
β1=β1,(0)+nσβ1,(0)
β2=β2,(0)+mσβ2,(0)
n,m∈{−1,0,1}
(λ(β1, β2, q˜))− min
β1=β1,(0)+nσβ1,(0)
β2=β2,(0)+mσβ2,(0)
n,m∈{−1,0,1}
(λ(β1, β2, q˜)) 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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	 kh 
 


	 kh  


	 kh 
 


	
1.5 5 	 68.76± 14.89 40.77± 5.03 54.46± 3.65 5 	
2.2 7 	 90.07± 16.10 58.45± 17.73 67.40± 3.60 6.3 	
76.16± 3.11 7.9 	
2.8 9 	 93.56± 22.49 66.87± 18.14 76.16± 3.11 7.9 	
92.34± 3.75 10 	
3.9 12 	 98.23± 6.14 136.39± 60.44 115.45± 4.94 12.6 	
5.1 16 	 279.84± 89.89 207.09± 7.37 15.8 	
6.7 22 	 460.04± 116.69 366.00± 10.31 19.9 	
517.31± 16.96 25.1 	
8.5 29 	 482.54± 108.02 517.31± 16.96 25.1 	
702.63± 36.02 31.5 	
     kh 


   
    !"  #
 $ " %&'()*   +'  ,    - .
/'   '   - . /'  
  ﬁ '"     1 "  +
   kh 
 


	 kh 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	 〈kh〉   	 kh 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
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1.5 5 	 68.76± 14.89 40.77± 5.03 54.77± 7.86 54.46± 3.65
2.2 7 	 90.07± 16.10 58.45± 17.73 74.26± 11.97 71.23± 2.44
2.8 9 	 93.56± 22.49 66.87± 18.14 80.22± 14.45 84.64± 2.46
3.9 12 	 98.23± 6.14 136.39± 60.44 117.31± 30.38 110.12± 3.90
5.1 16 	 279.84± 89.89 279.84± 89.89 214.84± 7.03
6.7 22 	 460.04± 116.69 460.04± 116.69 427.11± 9.20
8.5 29 	 482.54± 108.02 482.54± 108.02 630.24± 22.93
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
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1.5 6.47± 0.55 7.02± 0.46 6.51± 0.38
2.2 8.19± 0.62 10.83± 1.42 10.89± 1.83
2.8 12.25± 0.97 14.51± 2.20 15.60± 2.46
3.9 15.96± 0.84 21.68± 2.09 19.52± 3.57
5.1 28.89± 13.82 24.85± 1.91
6.7 43.28± 3.87 38.09± 4.93
8.5 56.21± 13.95 51.13± 10.49
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
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1.5 41.97± 15.12 36.44± 11.98 38.58± 24.28
2.2 58.70± 17.41 157.97± 41.69 182.64± 34.54
2.8 80.28± 27.81 227.84± 71.13 333.23± 146.91
3.9 222.60± 27.91 344.58± 107.77 447.73± 203.25
5.1 538.22± 186.29 179.27± 78.65
6.7 1218.81± 316.14 328.00± 119.36
8.5 1391.94± 581.33 691.99± 285.54
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 (x1, y1) 
 (x2, y2)  	
 
  x1 ≤ x ≤ x2 
  	
 	
	

y(x) 	 	
  y = y1(x2−x)+y2(x−x1)
x2−x1
  σy1 
 σy2   
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  y1 
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 σy 	 	
  σy =
1
x2−x1
√
((x2 − x)σy1)2 + ((x− x1)σy2)2
     y = 12 (y1 + y2) 
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 σy =
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√
σ2y1 + σ
2
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	 u∗,w 
   	 u∗,w  


	 u∗,w    	
1.5 0.65± 0.12 0.61± 0.10 0.62± 0.20
2.2 0.77± 0.11 1.26± 0.17 1.35± 0.13
2.8 0.90± 0.16 1.51± 0.24 1.83± 0.40
3.9 1.49± 0.09 1.86± 0.29 2.12± 0.48
5.1 2.32± 0.40 1.34± 0.29
6.7 3.50± 0.45 1.81± 0.33
8.5 3.74± 0.78 2.64± 0.54
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	 ζ 
 μ	 α   1
·	 τ  	
1.5 748.74± 162.10 0.38± 0.23 11.15± 2.75
2.2 571.57± 102.16 1.40± 0.54 5.43± 3.29
2.8 550.21± 132.27 2.45± 0.87 4.14± 2.25
3.9 524.06± 32.73 16.43± 11.15 1.00± 0.88
5.1 78.47± 28.55 0.24± 0.15
6.7 290.11± 82.96 0.09± 0.04
8.5 411.16± 181.74 0.08± 0.04
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

	 kh 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
	
1.5 68.76± 14.89 40.77± 5.03
2.2 90.07± 16.10 58.45± 17.73
2.8 93.56± 22.49 66.87± 18.14
3.9 98.23± 6.14 136.39± 60.44
5.1 279.84± 89.89
6.7 460.04± 116.69
8.5 482.54± 108.02
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   R = T
T  
= 64
 ! 
 -
u0 = 0.4


;λ = 100
1

; τ = 0.05;
Δx = 1% ≈ 786μ; ν = 1
Δt
= 100$.;R = 64; u = R;N = 2048;
ω  = 2π
u
NΔt
≈ 19.631

;ωτ ≈ 0.98.
!     β(0)  u0 λ τ         β1,(0)
 β2,(0)  /     u0  τ 
 !   
&    λ'         
 ! 
 β1,(0)  β2,(0)         λ     
/ 
 "          
0
 
1

!    β1,(0)    ﬁ
 	
23
 ! ﬁ    ﬁ%
u0     ﬁ% τ 
          β1,(0)   10%
01
   	
   	 
 
  ﬁ u0 τ  	
   20% 	  λ  	
   400% 
 u0 
   
   	
 
  β1,(0) 
	 	   
    	
 
  λ       
ωτ ≈ 1 	    	 !	  "   
 	 β1,(0)     λ 

  
 
 	
   

(
λ2D
u30
)n
3
 n ∈ Z #   !     

D ∼ 10−7  β1,(0)   λ 
 	   	 !  λ ∼ 102   
 	  λ
  β1,(0) 
 	 	 $  λ  	
   τ     
 		 
 u0   β2,(0)  
% τ 
  ﬁ 	 	 
 ﬁ &'    	
 
  β1,(0) 
 
 
    	
 
 
u0   λ "  	
 
  λ 
 
!
 
 λ ≥ 0 "  	
 
  u0 
   20%
( β2,(0) 
  	
 " 	  	  
 ﬁ &) * 
  ﬁ	 	 		
   u0  	 	    τ  % τ !      	
 
  β2,(0) 


	
     	
 
  τ   10%   λ   4%  
  
 
	 	 !   	
 
  λ    +   * 	 β2,(0)   	 !	 λ 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(
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3
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 τ 
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  
    	  	
 
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   
  R = 1 
 
u0 = 0.1
!

;λ = 10
1

; ζ = 5.0 · 10−4!;
Δx = 1
 ≈ 786μ!; ν = 1
Δt
= 2412;R = 1;u = R;N = 2048;
ω  = 2π
u
NΔt
≈ 0.0741

;
√
ω
ζ2
D
≈ 0.35.
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m
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∂λ
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 ∂α
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∣∣∂β2
∂α
∣∣ = ∣∣∣∂β2∂u0 ∂u0∂α
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∣∣∣∣∂β1∂u0 |u0=u0, 
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"
∣∣∣∣∂β1∂u0 |u0=u0, 
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1.5 2.2 102.0 36.0
2.2 3.0 93.0 33.0
2.8 3.2 102.0 36.0
3.9 4.3 147.0 52.0
5.1 13.6 727.0 257.0
6.7 32.1 2118.0 749.0
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2.2 13.5 8.1 20.2 48.8
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3.9 12.6 7.6 18.9 43.8
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1.5 4.2 6.3 4.2 73.0
2.2 6.0 8.1 6.0 93.7
2.8 5.9 8.0 5.9 91.9
3.9 5.5 7.6 5.5 87.5
5.1 3.5 5.6 3.5 65.2
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8.5 2.8 4.9 2.8 56.6
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√
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√
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√
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√
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